The object of this note will be to show that the 7-sphere possesses several distinct differentiable structures.
In ?1 an invariant X is constructed for oriented, differentiable 7-manifolds M7 satisfying the hypothesis (*) H3(M7) = H4(M7) = 0. (Integer coefficients are to be understood.) In ?2 a general criterion is given for proving that an n-manifold is homeomorphic to the sphere S'. Some examples of 7-manifolds are studied in ?3 (namely 3-sphere bundles over the 4-sphere). The results of the preceding two sections are used to show that certain of these manifolds are topological 7-spheres, but not differentiable 7-spheres. Several related problems are studied in ?4.
All manifolds considered, with or without boundary, are to be differentiable, orientable and compact. The word differentiable will mean differentiable of class Ca. A closed manifold M' is oriented if one generator .u e Hn(M') is distinguished.
?1. The invariant X(M7)
For every closed, oriented 7-manifold satisfying (*) we will define a residue class X(M7) modulo 7. According to Thom [5] every closed 7-manifold M7 is the boundary of an 8-manifold B8. The invariant X(M7) will be defined as a function of the index r and the Pontrjagin class pi of B8.
An orientation v e H8(B8, M7) is determined by the relation iv = j.. Define a quadratic form over the group H4(B8, M7)/(torsion) by the formula a -* (v, a 2). Let r(B8) be the index of this form (the number of positive terms minus the number of negative terms, when the form is diagonalized over the real numbers).
Let pi EH4(B8) be the first Pontrjagin class of the tangent bundle of B8. (For the definition of Pontrjagin classes see [2] or [6] .) The hypothesis (*) implies that the inclusion homomorphism i: H4(B') M7) -> H 4(B8) is an isomorphism. Therefore we can define a "Pontrjagin number" q(B8) -(v, (F-1pi)2). THEOREM 1. The residue class of 2q(B8) -r(B8) modulo 7 does not depend on the choice of the manifold B8.
Define X(M7) as this residue class.2 As an immediate consequence we have: COROLLARY 1. If X(M7) F 0 then M7 is not the boundary of any 8-manifold having fourth Betti number zero.
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Let B', B" be two manifolds with boundary M. (We may assume they are disjoint.) Then C8 =_ B8u B8 is a closed 8-manifold which possesses a differentiable structure compatible with that of Bi and B2 . Choose that orientation v for C8 which is consistent with the orientation vP of B8 (and therefore consistent with -v2). Let q(C8) denote the Pontrjagin number (v, p2(C8) ).
According to Thorn [5] Note that for n = 4, these homomorphisms are all isomorphisms. If a = jh-1(a, 0 a2) e H14(C), then
Thus the quadratic form of C8 is the "direct sum" of the quadratic form of B7 and the negative of the quadratic form of B 8. This clearly implies formula (2). Define a, = i-T1p1(B1) and a2 = ijlp(B2). Then the relation
The computation (4) now shows that
which is just formula (3). This completes the proof of Theorem 1.
The following property of the invariant X is clear. LEMMA 2. If the orientation of M7 is reversed then X(M7) is multiplied by -1.
As a consequence we have COROLLARY 2. If X(M7) 5 0 then M17 possesses no orientation reversing diffeomorphism3 onto itself.
?2. A partial characterization of the n-sphere Consider the following hypothesis concerning a closed manifold Mn (where R denotes the real numbers).
(H) There exists a differentiable function f:Mn -* R having only two critical points xo , x1 . Furthermore these critical points are non-degenerate.
(That is if u1, I
, u n are local coordinates in a neighborhood of xo (or x1) then the matrix (a2f/aupauj) is non-singular at xo (or xi).) THEOREM 2. If M' satisfies the hypothesis (H) then these exists a homeomorphism of M' onto S' which is a diffeomorphism except possibly at a single point.
Added in proof. This result is essentially due to Reeb [7] .
The proof will be based on the orthogonal trajectories of the manifolds f = constant.
Normalize the function f so that f(xo) = 0, f(xi) = 1. According to Morse for 0 ? t < c, where a = (al, ***, an) is any n-tuple with a = 1. These can be extended uniquely to solutions x<(t) for 0 < t ? 1. Note that these solutions satisfy the identity f(xa(t)) = t.
Map the interior of the unit sphere of R' into M' by the map
It is easily verified that this defines a diffeomorphism of the open n-cell onto -n -(xi). The assertion of Theorem 2 now follows. Given any diffeomorphism g: S8'--> AS", an n-manifold can be obtained as follows.
CONSTRUCTION (C). Let M (g) be the manifold obtained from two copies of Rn by matching the subsets R' -(0) under the diffeomorphism ?3. Examples of 7-manifolds Consider 3-sphere bundles over the 4-sphere with the rotation group S0(4) as structural group. The equivalence classes of such bundles are in one-one correspondence5 with elements of the group 7r3(SO(4)) Z + Z. A specific isomorphism between these groups is obtained as follows. For each (h, j) e Z + Z let fhj: S3 -* SO(4) be defined by fhj(u)-v = UhvUi, for v e R4. Quaternion multiplication is understood on the right.
Let l be the standard generator for H4(S4). Let thj denote the sphere bundle corresponding to (fhj) e 2-3(SO(4)).
LEMMA 3. The Pontrjagin class Pm(thj) equals ? 2(h -j) (The proof will be given later. One can show that the characteristic class C(hj) (see [4] ) is equal to (h + j) .)
For each odd integer k let M7 be the total space of the bundle hjwhere h and j are determined by the equations h + j = 1, h -j = k. This manif old Mk has a natural differentiable structure and orientation, which will be described later. LEMMA (For k = ? 1 the manifold M7 is diffeomorphic to S7; but it is not known whether this is true for any other k.)
Clearly any differentiable structure on S7 can be extended through R8 -(0). However: COROLLARY 4. There exists a differentiable structure on S7 which cannot be extended throughout R8.
This follows immediately from the preceding assertions, together with Corollary 1.
PROOF OF LEMMA 3. It is clear that the Pontrjagin class Pl(thj) is a linear function of h and j. Furthermore it is known that it is independent of the orientation of the fibre. But if the orientation of S3 is reversed, then thj is replaced by
This shows that Pl(thj) is given by an expression of the form c(h -j)t.
Here c is a constant which will be evaluated later.
PROOF OF LEMMA 4. Associated with each 3-sphere bundle Mk *S4 there is a 4-cell bundle Pk -_ S4. The total space B8 of this bundle is a differentiable manifold with boundary M7 . The cohomology group H4(Bk) is generated by the element a = pk (t). Choose orientations y, v for Mk and B8 so that
Then the index r(Bk) will be + 1.
The tangent bundle of Bk is the "Whitney sum" of (1) the bundle of vectors tangent to the fibre, and (2) the bundle of vectors normal to the fibre. The first bundle (1) is induced (under Pk) from the bundle hj, and therefore has Pontrjagin class Pi = pk (c(h -j)) = ckla. The second is induced from the tangent bundle of S4, and therefore has first Pontrjagin class zero. Now by the Whitney product theorem ([2] or [6] ) p1(B ) = cka + 0.
For the special case k = 1 it is easily verified that B8 is the quaternion projective plane P2(K) with an 8-cell removed. But the Pontrjagin class pl(P2(K)) is known to be twice a generator of H4(P2(K)). (See Hirzebruch [1] .) Therefore the constant c must be 4?2, which completes the proof of Lemma 3. Now q(B8) = (v, (A1(?-2kl))a) = 4k2; and 2q -T = 8k2 -1 2 -1 (mod 7). This completes the proof of Lemma 4. PROOF OF LEMMA 5. As coordinate neighborhoods in the base space S4 take the complement of the north pole, and the complement of the south pole. These can be identified with euclidean space R4 under stereographic projection. Then a point which corresponds to u E R4 under one projection will correspond to u = u/l u 112 under the other.
The total space M7can now be obtained as follows.5 Take two copies of R4(X S3 and identify the subsets (R4-(0)) X S3 under the diffeomorphism (The author has no idea which alternative holds.) PROOF. Let X8 be the topological 8-manifold obtained from Bk by collapsing its boundary (a topological 7-sphere) to a point xo. Let a e H4(X ) correspond to the generator a E H4(B ). Suppose that X8, possesses a differentiable structure, and that p1(X8 -(xo)) is a topological invariant. Then pl(X8) must equal +2ka, hence 2q (X8) -r(X8) = 8k2 _ 1-k2 -1 (mod 7).
But for k2 0 1 (mod 7) this is impossible. Two diffeomorphisms f, g:M' -* M' will be called differentiably isotopic if there exists a diffeomorphism M' X R-> M' X R of the form (x, t) -* (h(x, t), t) such that The proof is straightforward. THEOREM 5. There exists a diffeomorphism f:S'6 > S6 of degree +1 which is not differentiably isotopic to the identity.
Proof. By Lemma 5 and Corollary 3 the manifold M' is diffeomorphic to 17(f) for some f. If f were differentiably isotopic to the identity then Lemma 6 would imply that M' was diffeomorphic to S7. But this is false by Lemma 4.
